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The low-frequency shot-noise power of a normal-metal–superconductor junction is studied for ar-
bitrary normal region. Through a scattering approach, a formula is derived which expresses the
shot-noise power in terms of the transmission eigenvalues of the normal region. The noise power
divided by the current is enhanced by a factor two with respect to its normal-state value, due to
Cooper-pair transport in the superconductor. For a disordered normal region, it is still smaller than
the Poisson noise, as a consequence of noiseless open scattering channels.
PACS numbers: 72.70.+m, 74.80.Fp, 74.40.+k, 72.10.Bg
Electrical shot noise is the time-dependent fluctuation
of the current around the average I, due to the discrete-
ness of the charge carriers. The shot-noise power P gives
information on the conduction process which is not con-
tained in the resistance. A well-known example is a vac-
uum diode, where P = 2e|I| ≡ PPoisson. This tells us
that the electrons traverse the diode in completely uncor-
related fashion, as in a Poisson process. A noise power
of PPoisson is the maximum value in the normal state
(N). In macroscopic samples shot noise is fully suppressed
due to inelastic processes. For samples of dimensions
smaller than the inelastic scattering length shot noise is
observable, but may be suppressed below PPoisson due
to correlated electron transmission1. In this paper we
investigate the enhancement of shot noise in disordered
normal-metal–superconductor (NS) junctions. Naively,
one would expect P = 4e|I| = 2PPoisson, since the cur-
rent in the superconductor is carried by Cooper pairs in
units of 2e. Instead, we find P = 23PPoisson, due to noise-
less open scattering channels. We also consider the more
general case of a disordered region in series with a tunnel
barrier. In the absence of disorder we recover previous
results by Khlus2. Independent work on this problem
has been carried out by Musykantsky and Khmel’nitski˘ı3.
We furthermore would like to mention recent work on
shot noise in a normal-metal–superconductor–normal-
metal junction4.
We first review the results for phase-coherent transport
in the normal state. The conductance at zero tempera-
ture and small applied voltage V is given by the Landauer
formula
GN = G0Tr tt
† = G0
N∑
n=1
Tn , (1)
where G0 ≡ 2e2/h. The matrix product tt† has eigenval-
ues Tn, n = 1, 2, . . .N , with N the number of scattering
channels at the Fermi energy EF and t the transmis-
sion matrix. From current conservation it follows that
Tn ∈ [0, 1]. A formula for the zero-frequency shot-noise
power has been derived by Bu¨ttiker5,
PN = P0Tr
[
tt
†(1− tt†)] = P0 N∑
n=1
Tn(1 − Tn) , (2)
with P0 ≡ 2e|V |G0. Equation (2) is the multi-channel
generalization of earlier single-channel formulas2,6. It is a
consequence of the Pauli principle that closed (Tn = 0) as
well as open (Tn = 1) scattering channels do not fluctuate
and therefore give no contribution to the shot noise.
In the case of a tunnel barrier, all transmission eigen-
values are small (Tn ≪ 1, for all n), so that the quadratic
terms in Eq. (2) can be neglected. Then it follows
from comparison with Eq. (1) that PN = 2e|V |GN =
2e|I| = PPoisson. In contrast, for a quantum point con-
tact PN ≪ PPoisson. Since on the plateaus of quantized
conductance all the Tn’s are either 0 or 1, the shot noise
is expected to be only observable at the steps between
the plateaus6. This is indeed confirmed in an experiment
by Li et al.7. For a diffusive conductor of length L much
longer than the elastic mean free path ℓ it has been pre-
dicted that PN =
1
3PPoisson, as a consequence of noiseless
open scattering channels8–11. Recently, an experimental
observation of suppressed shot noise in a disordered wire
has been reported12.
Now, let us turn to transport through a NS junction.
The conducting properties have originally been described
by Blonder, Tinkham, and Klapwijk13, and more recently
in Refs. 14–16. If the applied voltage is smaller than the
superconducting gap (e|V | < ∆), the dissipative normal
current is converted at the NS interface into dissipation-
less supercurrent, by means of Andreev reflection: Elec-
trons in the normal metal are retro-reflected at the NS
interface into holes, with the transfer of a Cooper pair to
the superconducting condensate. The scattering geom-
etry is illustrated in the inset to Fig. 1. Electrons and
holes, incident from a reservoir via an ideal (impurity-
free) lead, are scattered by an arbitrarily disordered, nor-
mal region in series with a superconductor. The applied
voltage is taken to be small, and the temperature low,
so that transmission of excitations into the superconduc-
tor is prohibited. All incident quasiparticles are therefore
reflected back into the reservoir.
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The calculation of the shot-noise power of the NS
junction proceeds along the lines of Bu¨ttiker’s method
for normal-metal conductors5. In the present case
the scattering states are solutions of the Bogoliubov-
de Gennes equation13–16, rather than of a single-particle
Schro¨dinger equation. The current operator in the lead
towards the NS junction is given by
Iˆ(t) =
e
h
∑
α,β
∞∫
0
dε
∞∫
0
dε′Iαβ(ε, ε
′)aˆ†α(ε)aˆβ(ε
′)eit(ε−ε
′)/h¯ ,
(3)
where aˆ†α(ε) [aˆα(ε)] is the creation (annihilation) opera-
tor of scattering state ψα(ε), and Iαβ(ε, ε
′) is the matrix
element of the current operator between states ψα(ε) and
ψβ(ε
′). The quasiparticle energy ε is measured with re-
spect to EF . In the lead, the state ψα consists of one in-
coming mode ϕ+α and several, reflected, outgoing modes
ϕ−β ,
ψα(ε) = ϕ
+
α (ε) +
∑
β
rβα(ε)ϕ
−
β (ε) . (4)
The indices α, β denote mode number (m) as well as
whether it concerns electron [α = (m, e)] or hole [α =
(m,h)] propagation. The modes ϕ+, ϕ− are normalized
to carry unit quasiparticle flux. The reflection ampli-
tudes rβα are contained in the unitary 2N × 2N matrix
r, which has the block form
r =
(
ree reh
rhe rhh
)
, (5)
where e.g. the N × N submatrix rhe contains the re-
flection amplitudes from incoming electrons to reflected
holes. The unitarity of the reflection matrix corresponds
to conservation of the number of quasiparticles. The con-
ductance of the NS junction is given by15
GNS = 2G0Tr rher
†
he . (6)
In the zero-frequency limit we need the current-matrix
elements Iαβ(ε, ε) at equal energies. Following Ref. 5, we
find
Iαβ(ε, ε) =
[
Λ− r†(ε)Λr(ε)]
αβ
. (7)
The difference with Ref. 5 is the inclusion of the 2N×2N
matrix Λ, defined by
Λ ≡
( −1 0
0 1
)
, (8)
which accounts for the opposite charges of electrons and
holes. The average current I can be determined from the
expectation value of Eq. (3), using
〈aˆ†α(ε)aˆβ(ε′)〉 = δαβδ(ε− ε′)fα(ε) , (9)
with fα(ε) the distribution function in the reservoir. At
zero temperature and for V < 0 one has for the electron
(fe) and hole (fh) distribution functions
fe(ε) = Θ(e|V | − ε) , fh(ε) = 0 , (10)
with Θ(x) the unit-step function. The conductance
GNS ≡ limV→0 I/V can now easily be determined from
Eqs. (3), (7), (9), and (10). This indeed provides the
result Eq. (6) of Ref. 15, which serves as a check on the
formalism.
We are now ready to compute the zero-frequency shot-
noise power, defined by
PNS ≡ 2
∞∫
−∞
dt
〈
∆Iˆ(t)∆Iˆ(0)
〉
, (11)
with ∆Iˆ(t) ≡ Iˆ(t) − I. Substituting Eq. (3) and using
Eq. (9) we find
PNS = 2
e2
h
∞∫
0
dε
∑
α,β
Iαβ(ε, ε)Iβα(ε, ε)fα(ε) [1− fβ(ε)] .
(12)
Equation (12) can be evaluated through Eqs. (7) and
(10). In the zero-temperature, zero-voltage limit we find,
making use of the unitarity of r,
PNS = 4P0Tr
[
rher
†
he(1− rher†he)
]
= 4P0
N∑
n=1
Rn(1−Rn) , (13)
where Rn is an eigenvalue of rher†he, evaluated at ε = 0.
It remains to relate the Andreev-reflection eigenvalues
Rn to the scattering properties of the normal region. In
the presence of time-reversal symmetry, i.e. in zero mag-
netic field, the eigenvalues Rn can be expressed entirely
in terms of the transmission eigenvalues Tn of the normal
region16 :
Rn = T 2n(2− Tn)−2 . (14)
Equation (14) assumes a step function (at the NS inter-
face) for the pair potential and neglects terms of order
(∆/EF )
2. Substitution into Eq. (6) yields the result of
Ref. 16 for the conductance of the NS junction,
GNS = G0
N∑
n=1
2T 2n
(2 − Tn)2 . (15)
We now apply the same method to our result (13) for the
shot-noise power, and find
PNS = P0
N∑
n=1
16T 2n(1− Tn)
(2 − Tn)4 . (16)
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This is our main result. It is a general formula for arbi-
trary disorder potential in the normal region. As in the
normal state, scattering channels which have Tn = 0 or
Tn = 1 do not contribute to the shot noise. However, the
way in which partially transmitting channels contribute
is entirely different from the normal state result (2). Be-
fore considering the case of a disordered conductor, we
first briefly discuss the case of a planar tunneling barrier,
which was previously studied by Khlus2.
A planar tunnel barrier is modeled by a channel-
independent barrier transparency: Tn = Γ, for all n. It
follows from Eq. (2), that for a normal conductor this
would yield PN = (1 − Γ)PPoisson, implying full Poisson
noise for a high barrier (Γ≪ 1). For the NS junction we
find from Eqs. (15) and (16)
PNS = P0N
16Γ2(1− Γ)
(2− Γ)4 =
8(1− Γ)
(2− Γ)2 PPoisson . (17)
This agrees with the result of Khlus2,17. If Γ < 2(
√
2 −
1) ≈ 0.83, one observes a shot noise above the Poisson
noise. For Γ≪ 1 one has
PNS = 4e|I| = 2PPoisson , (18)
which is a doubling of the shot-noise power divided by the
current with respect to the normal-state result. This can
be interpreted as an uncorrelated current of 2e-charged
particles.
We now turn to a NS junction with a disordered nor-
mal region, of length L much greater than the mean free
path ℓ, but much smaller than the localization length,
so that transport is in the metallic, diffusive regime. In
Ref. 8 the average of the normal-state shot-noise power
is computed. The method is applicable to any physical
quantity of the form
∑
n f(Tn) with limT→0 f(T ) = 0.
(Such a quantity is called a linear statistic on the trans-
mission eigenvalues.) Our formula (16) for the shot noise
in the NS junction is of this form. According to Ref. 8
one has the general formula〈
N∑
n=1
f(Tn)
〉
=
〈
N∑
n=1
Tn
〉 ∞∫
0
dx f(cosh−2 x) . (19)
Equation (19) is obtained from the relationship Tn =
cosh−2(L/ζn) between the transmission eigenvalues and
the channel-dependent localization lengths ζn, and from
the fact that L/ζ is uniformly distributed between 0 and
L/ℓ≫ 1. This uniform distribution is a general result of
random-matrix theory18, but has also been derived from
a microscopic Green’s function theory11. The ensemble-
averaged shot-noise power is now easily calculated by ap-
plication of Eq. (19) to Eqs. (15) and (16), with the result
〈PNS〉
〈GNS〉 =
2
3
P0
G0
, (20)
hence
L
N S
FIG. 1. The shot-noise power of a NS junction (in units
of PPoisson ≡ 2e|I |) as a function of the length L (in units
of ℓ/Γ), for barrier transparencies Γ = 1, 0.9, 0.8, 0.6, 0.4, 0.2
from bottom to top. The dashed curve gives the limiting
result for Γ ≪ 1. For L = 0 the noise power varies as a
function of Γ according to Eq. (17), between doubled shot
noise (〈PNS〉 = 4e|I |) for high barriers (Γ ≪ 1) and zero in
the absence of a barrier (Γ = 1). If L increases the noise
power approaches the limiting value 〈PNS〉 =
4
3
e|I | for each
Γ. The inset shows schematically the NS junction.
〈PNS〉 = 4
3
e|I| = 2
3
PPoisson . (21)
Equation (21) is twice the result in the normal state, but
still smaller than the Poisson noise. Corrections to (21)
are of lower order in N and due to quantum-interference
effects10.
Finally, we discuss a normal region which contains a
disordered part as well as a tunnel barrier. This is most
relevant to experiments, because in practice the NS inter-
face is almost never ideal, but has a transparency Γ < 1.
However, the uniform distribution of L/ζ does not apply
to such a system. In Refs. 11 and 19 the distribution
of transmission eigenvalues of such a system is studied
and an expression for 〈GNS〉 as a function of s ≡ L/ℓ
and Γ is obtained. The shot-noise power can be derived
in a similar fashion. Here we merely present the final
expressions,
〈GNS〉 = G0N 2v
′(φ)
2sv′(φ)− 1 , (22a)
〈PNS〉 = P0N
(
4v′(φ)
3 (2sv′(φ)− 1) −
4sv′′(φ)
2
(2sv′(φ)− 1)5
+
2v′′′(φ)
3(2sv′(φ)− 1)4
)
, (22b)
with v′(φ), v′′(φ), v′′′(φ) the first, second, and third
derivative of
3
v(φ) ≡ cosφ
2/Γ+ sinφ− 1 . (23)
The auxiliary variable φ ∈ (0, π/2) is the solution of
φ = 2sv(φ) . (24)
The result is given in Fig. 1, where 〈PNS〉/PPoisson is
plotted against ΓL/ℓ for various Γ. Note, the crossover
from the ballistic (17) to the diffusive result (21). For a
high barrier (Γ≪ 1), the shot noise decreases from twice
the Poisson noise to two-thirds the Poisson noise as the
amount of disorder increases.
In summary, we have presented a theory for the shot
noise in normal–superconductor junctions for arbitrary
normal region. The general result (16) can be applied to
many mesoscopic systems. We predict that for a disor-
dered normal region the shot noise is suppressed below
the Poisson noise by a factor 23 , due to the presence of
noiseless open scattering channels. This result is double
the normal-state result, a consequence of the Cooper-pair
transport in the superconductor. For a normal region
consisting of a disordered part and a barrier (at the NS
interface), the shot-noise power may vary between zero
and a doubled Poisson noise, depending on the junction
parameters. We feel that observation of our predictions
is within reach of present technology and presents a chal-
lenge for experimentalists.
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